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This paper solves the problem of determining the efficiency of N (not 
identical) machines which are unidirectionally patrolled by one opera- 
tive. Generally the machines will be equally spaced in a circular 
configuration so that the time to walk from one machine to the next 
will be a constant. However, the case of unequal spacing is just as easy 
to handle. It is assumed that breakdowns of machine j occur at random 
at average rate 7, in running time, and that the time to repair this machine 
is a constant, c,. This situation could arise from a mix of new and old 
machines or, in a textile context, in a situation where different types 
of yarn are being processed on different machines. 
Keywords: machine efficiency, unidirectional patrolling, random 
breakdowns 
The problem 
It is assumed that the N machines are under the care of 
one operative whose method of working is to patrol the 
machines unidirectionally. The machines are positioned 
on the factory floor so that the time to walk from machine 
j toj + 1 (or 1 in the case j = N) is a constant, wj. In many 
cases the vvj will be equal and the machines arranged and 
equally spaced in a circle (Figure I). 
It is assumed that machineQ breaks down at random at 
an average rate yj in running time. The walking time wj 
includes any routine inspection of machinej, but if on 
arrival at this machine the operative finds it stopped, then 
he must spend an additional repair time cj at this machine 
to leave it running. 
In some practical situations, as considered by Mack, 
Murphy and Webb,’ the machines are fixed and the 
operative moves. In the problem considered by Bunday 
and El-Badri, * ’ the machines rotated on a circular drum 
to a fixed operative, which was in fact a robot. In both 
problems mentioned it was assumed that the machines 
were identical, and this allowed for some simplification of 
the resulting mathematical model for the system. In either 
case, we define a patrol of the machines to describe the 
situation in which on leaving machine N the operative 
inspects and repairs (if necessary) machine 1, machine 2, 
machine 3, , machine N. 
A further complication that can be accommodated by 
our model allows for repair attempts to be unsuccessful. 
This situation arises in the case ofa robot operative, which 
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can occur in fully automated production. It is assumed 
that any repair attempt is successful with probability Q. 
A stochastic model for the system 
Since stoppages are assumed to occur at random in 
running time at an average rage yj for machine j, if this 
machine is left running at time t, the probability that it is 
still running after a further period of time T is 
exp( ~ Y j 73 (2.1) 
The probability that it has stopped by time T is 
1 - exp( - yj T) (2.2) 
independent of t. 
Suppose the machines are numbered 1, 2,. . , N. Let 
{u, , u2, , uN) describe a patrol of the machines in which 
1 
N (0 2 
Figure 7 Diagram of the problem 
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the operative finds machine j in state uj; uj = 0 denotes 
machinej running, uj = 1 denotes machmej stopped. Let 
p{u,, UZ, ..‘, u,f 1 denote the probability of this patrol. 
Then since the previous patrol must have resulted in 
some state {zj,, v2, , vN) being found, 
{Ul? u2, . . . . UNIUI, u2,..., UN} (2.3) 
where Pju,, u2,. . , uNIv,, v2,. . , vN} is the conditional 
probability of the patrol {u,, u2, . . , u,) immediately 
following the patrol (vi, 02, . . , vN1. 
Now for machine i the time that elapses between two 
successive visits of the operative is T, where 
m=l j=i+ 1 k=l 
(2.4) 
Thus the transition probability can be written in the form 
of a product 
P(U,, U2, , U~(l)l, U2, . , 0~) = fi Pri(Ui, Ui) (2.5) 
i=l 
where 
Pr,(O, 0) = exp( - yi T) (2.6) 
Pr,(l, O)= 1 -cxp(-YJ) (2.7) 
Pri(O, 1) = Q exp( -yi 7;) (2.8) 
Pr,(l, l)=Q[l -exp(-y,T)]+ 1 -Q 
= 1 ~ Q exp(-;liT). (2.9) 
There is a slight abuse of notation here since Pri(ui, 
vi) does depend on the other uj, zlj as indicated in (2.6) to 
(2.9) and (2.4). 
The 2N probabilities p(u,, uz, . , u,} completely 
describe the steady-state situation for the system, and 
they may be determined from the numerical solution of 
of the equations (2.3) along with the condition 
(2.10) 
In (2.4) only the total walking time Cz= 1 w, is involved. 
This term is henceforth referred to as NW, where w is an 
avcragc walking time, or Nw is the time for a patrol 
involving no repairs. This shows that the case of unequally 
spaced machines is no more difficult than the case of 
equal spacing, and only this latter problem will be 
considered. 
Calculation of efficiency 
The cfliciency of the system is defined as the ratio of the 
actual running time achieved to that which would have 
occurred had there been no stoppages. In the case where 
the machines are different they will run at different 
individual efficiencies and this complicates the problem of 
obtaining a useful form for the overall efficiency. 
We argue as follows. Consider n complete patrols of the 
N machines. Let rij be the running time of thejth machine 
in the ith patrol, and let the time for the operative to 
complete the ith patrol be si. This includes walking time 
and any repair time that may be needed. The efficiency of 
the system during these n patrols is 
En-i=1 i=l 
N t Ti 
i=l 
so the steady-state efficiency is 
(3.1) 
(3.2) 
Now for the denominator of (3.2) the expression in 
brackets is the average patrol time T say. Thus if we 
average over all the different patrols {u,, u2, , u,}, we 
obtain 
z=Nw+ I ,,,, .T,., l,QIp(u,~ ‘2> . . ) ‘N) 
(3.3) 
For the numerator, by the law of large numbers, 
Limit 
,I_ I, ( )i $, rij 
n = Fj (3.4) 
where rj is the average running time of machine j during 
a patrol. Now if we consider the time that elapses between 
the departure of the operative from machine j and the next 
arrival at machine j, then the average running time of 
machine j in such intervals will also be Yj. This is so since 
the II patrols will involve II - 1 such intervals with the 
same total running time as in (3.4) so that as n + cc the 
two means will be equal. 
Now the time that elapses between the departure of 
the operative from machine j and the next arrival at 
machine j is a random variable 7;. which can take on the 
values tmj, m = 1, 2, . , Mi, say. 
The possible values of t,j will be of the form 
t,j = NW + rck 
k 
where C;c, denotes summation of the repair times of those 
particular machines found stopped between the succes- 
sive visits to machine j. The t,j does not include the repair 
time (if any) of machine j itself. Given that machine j is 
found running by the operative, the probability that 7; 
takes on the value tmj is g(t,j). Given that machine j is 
found stopped by the operative, the probability that T, 
takes on the value t,j is h(tmj). These probabilities differ 
because in the second case all machines have an addi- 
tional time cj in which to stop. 
In either case 
(3.5) 
We next consider the actual running time of machine 
,j during an interval t,j. By our previous argument the 
expected value of this variable taken over the distribution 
of Tj will be the value of Yj. 
Thus if zj is the probability that the operative finds 
machine j running, Q(l -zj) will be the probability that 
machine j is found stopped and successfully repaired. 
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Hence Table 7 
M. 
2 ( .I[[ h rj = zj 9 L, 
??I=1 
yjtepYJ’ & + tmje-YA 
0 1 
+ Q(1 - zj) 3 h(tmj) 
in=1 [S 
fmiy,te-yj’ dt + tmje~~A 
0 1 
+(I -Q)(l -zj)O 
M 
Yj = zj 2 
g(tmj)( 1 - e-YJ->) 
In=1 ‘r’j 
(3.6) 
+QU - 
h(t, J( 1 - e-7~fm~) 
Yj 
which by (3.5) becomes 
_ zj I Q(l ~ zj) 
Yj Yj 
$ [zj 3 g(t,j)ePyJmJ 
J m=l 
+ Q(l - zj) 2 h(t,j)e-yJ’-J 
m=1 1 
_ Q(l -zj) 
Yj 
(3.7) 
since 
Zj = Zj 2 g(t,j)eC”~r~J + Q(1 - zj) 2 h(tmj)ep’,‘w 
m=l m=l 
on using the result (2.1) and bearing in mind that whether 
machine j is found running or stopped, following this 
inspection or repair, it is left for a time t,j before its next 
inspection. 
On using (3.3) and (3.7) we can write (3.2) as 
(3.8) 
Like (3.3), (3.7) is easily calculated from the p{u,, u2, 
‘.., uN}, since 
zj = 1111, J,, $Ul~ u2, . . . 9 UN1 (3.9) 
where C” lUI, ul,, .,. uni denotes summation over those patrols 
in which uj = 0. 
Some numerical results 
There appears to be no simple analytic solution of the 
equations (2.3) for the p{u,, u2, . . ., u,}. Thus the 
presentation of numerical results for the problem with N 
machines, each one of which can differ in its breakdown 
rate and repair time, could make unreasonable demands 
on space. We confine ourselves to a few special cases and 
the remark that the computer program written allows 
other cases to be solved very easily. Of course, there are 2N 
probabilities involved in equations (2.3), and this limits N 
to about 10 with the present state of computing. 
In the case N=8, Q=l, w=l and all y,=O.Ol, we 
obtained for the repair times shotin the efficiencies in the 
final column. See Table 1 
In all the cases above, Cci = 40 and the highest effici- 
ency is obtained when all repair times are equal: the 
w = 1, y, = 0.01, N = 8, 0 = 1 
Cl c2 c3 c4 c5 % c7 c&i Efficiency (%) 
0 0 0 0 10 10 10 10 88.916 
11119999 89.041 
1119 9 919 89.040 
1119 9 19 9 89.040 
19 9 119 9 1 89.040 
19 19 1919 89.039 
15555559 89.209 
22228888 89.138 
28822882 89.137 
28282828 89.137 
44446666 89.249 
46644664 89.249 
46464646 89.249 
55555555 89.263 
greater the dispersion among repair times, the lower the 
efficiency. However the particular ordering of the ma- 
chines in any given case (4 repair times of 1 s, four of 9 s) 
seems to have little, if any, effect on the efficiency. Similar 
results were obtained for other values of N and Q. There 
was a change in the general level of the efficiency in these 
cases in line with the results for identical machines as 
computed by Bunday and El-Badri.2,3 
However, a reverse of the first situation was noticed in 
the case of high repair times and hence lower efficiencies. 
See Table 2. 
Here the efficiency increases with dispersion among the 
repair times. A similar pattern at this level ofefficiency was 
also obtained for other values of N and Q. 
The case of differing breakdown rates and equal repair 
times is illustrated by the following example. At this level 
of efficiency the homogeneous system seems to be worst. 
See Table 3. 
Thus we must reluctantly conclude that our conclu- 
sions are somewhat inconclusive. However, the math- 
ematical model we have constructed has, within the 
assumptions made, been able to detect the differences 
which do exist in the efficiencies of the different configur- 
ations. Because of the sampling errors involved, simul- 
ation models for these systems would almost certainly fail 
to separate the systematic differences from these errors, 
and a few pilot studies confirmed this. Simulation models 
might expect to be more versatile and able to deal with 
larger systems than the exact analytic model. 
Table 2 
w = 1, y, = 0.01, N = 8, 0 = 1 
Cl c2 c3 c4 c5 % c7 Ca Efficiency (%) 
0 0 0 0 50 50 50 50 48.955 
5 5 5 5 45 45 45 45 48.399 
5 5 5 45 45 5 45 45 48.383 
5 45 5 45 5 45 5 45 48.371 
10 10 10 10 40 40 40 40 47.907 
10 40 40 10 10 40 40 10 47.891 
10 40 10 40 10 40 10 40 47.887 
20 20 20 20 30 30 30 30 47.311 
20 30 30 20 20 30 30 20 47.310 
20 30 20 30 20 30 20 30 47.309 
25 25 25 25 25 25 25 25 47.236 
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Table 3 
N=8. w=l 
Q=l Q = 0.9 
c 1'1 Y2 'is j'4 Y5 Y6 77 Ye Efficiency (%) Efficiency (%) 
5 .Ol .Ol .Ol .Ol .02 .02 .02 .02 82.991 80.007 
5 .Ol .02 .02 .Ol .Ol .02 .02 .Ol 82.991 80.007 
5 .Ol .02 .Ol .02 .Ol .02 .Ol .02 82.991 80.007 
5 ,015 .015 ,015 ,015 ,015 .015 .015 ,015 82.530 79.388 
10 .Ol 01 .Ol .Ol .02 .02 .02 .02 67.741 63.070 
10 .Ol .02 .02 .Ol .Ol .02 .02 .Ol 67.741 63.070 
10 .Ol .02 .Ol .02 .Ol .02 .Ol .02 67.741 63.070 
10 ,015 ,015 ,015 ,015 .015 .015 .015 ,015 66.128 61.188 
What we do assert, and hopefully this would extend to 
larger systems, is that given a set of inhomogeneous 
machines maintained by a regular patrolling strategy, 
then no repair time configuration seems to be inherently 
superior or inferior to another at all levels of production. 
Thus the production manager responsible for such sy- 
stems should give priority to other considerations of 
convenience, equalisation of work loads, etc., for their 
maintenance. It seems unlikely that dramatic improve- 
ments in the level of production can be obtained by 
rearranging the repair time or breakdown rate configur- 
ation. It may be that in spite of this there is still an 
advantage to be derived from giving some machines 
priority over others. However, it is not easy to organise 
this in a regular patrolling system such as we have. 
As to the problem of predicting the level of efficiency for 
large systems, the corresponding results for the average 
equivalent homogeneous system as computed by Bunday 
and El-Badri2” will probably provide a useful and 
practical solution. This can serve as a guide for monitor- 
ing the system and ensuring that it is functioning properly. 
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